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• Cluster randomized trials (CRT): treatment randomized at cluster level; outcomes (typically) collected at 
individual level

• Heterogeneous treatment effects (HTE): effect modifiers driving variations in a patient’s response to 
interventions

𝑌𝑌𝑖𝑖𝑖𝑖 = 𝛽𝛽1 + 𝛽𝛽2𝑊𝑊𝑖𝑖 + 𝛽𝛽3𝑋𝑋𝑖𝑖𝑖𝑖 + 𝛽𝛽4𝑋𝑋𝑖𝑖𝑖𝑖𝑊𝑊𝑖𝑖 + 𝛾𝛾𝑖𝑖 + 𝜖𝜖𝑖𝑖𝑖𝑖

• Confirmatory HTE analyses must be pre-specified
• Little guidance on how to power these analyses when we are uncertain about the outcome ICC, 𝜌𝜌𝑦𝑦|𝑥𝑥, and 

covariate ICC, 𝜌𝜌𝑥𝑥

𝑣𝑣𝑣𝑣𝑣𝑣 �𝛽𝛽4 = 𝜎𝜎𝐻𝐻𝐻𝐻𝐻𝐻2 =
𝜎𝜎𝑦𝑦|𝑥𝑥
2 1 − 𝜌𝜌𝑦𝑦|𝑥𝑥 1 + 𝑚𝑚 + 1 𝜌𝜌𝑦𝑦|𝑥𝑥

𝑛𝑛𝑛𝑛𝜎𝜎𝑤𝑤2𝜎𝜎𝑥𝑥2 1 + 𝑚𝑚 − 2 𝜌𝜌𝑦𝑦|𝑥𝑥 − 𝑚𝑚 − 1 𝜌𝜌𝑥𝑥𝜌𝜌𝑦𝑦|𝑥𝑥

Individual 
covariate

HTE

(2) # clusters

cluster size

1

[Yang et al.,(2020)] Outcome 
ICC

Covariate 
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(1)

Cluster treatment 
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Introduction



1. What formulations of cluster size m and number of clusters n will minimize 𝝈𝝈𝑯𝑯𝑯𝑯𝑯𝑯𝟐𝟐 , with 
respect to a budget constraint, when ICCs are known?

2. When ICCs are not known, can we find a (m, n) design that will be most efficient among 
scenarios of inefficient ICC combinations?

3. Is there a way to adequately power a CRT for both HTE and average treatment effect (ATE) 
analyses?
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Knowledge Gaps
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Kerala Diabetes Prevention Program
[Thankappan et al., 2018]

• CRT of peer-support lifestyle diabetes intervention

• Secondary outcome: change in Indian Diabetes Risk 
Score
• Post-hoc HTE: IDRS interaction with BMI

• 60 clusters with 10-23 participants each

3

Application to the K-DPP Study
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KG1: What formulations of cluster size m and number of clusters n will minimize 𝝈𝝈𝐇𝐇𝐇𝐇𝐇𝐇𝟐𝟐 , with 
respect to a budget constraint, when ICCs are known?

• Locally optimal design (LOD): design that maximizes power/minimizes variance under 
budget constraints for fixed values of design parameters

• Budget constraint:

𝐵𝐵 = 𝑐𝑐𝑐𝑐 + 𝑠𝑠𝑠𝑠𝑠𝑠
= 𝑛𝑛(𝑐𝑐 + 𝑠𝑠𝑠𝑠)

4

(3) ⇒ 𝑛𝑛 =
𝐵𝐵

𝑐𝑐 + 𝑠𝑠𝑠𝑠

per-cluster 
cost

per-subject 
cost Replace n in 

𝜎𝜎HTE2 and 
minimize for m

KG1: HTE Locally Optimal Design
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Proposition 1 - Minimizing 𝜎𝜎HTE2 with respect to m, the HTE LOD for a given minimum number of 
clusters, 𝑛𝑛, is:

i. If  
𝜌𝜌𝑦𝑦|𝑥𝑥 𝑘𝑘+1
𝜌𝜌𝑦𝑦|𝑥𝑥𝑘𝑘+1

< 𝜌𝜌𝑥𝑥 ≤ 1 and 𝑚𝑚opt ≤
𝐵𝐵/𝑛𝑛−𝑐𝑐

𝑠𝑠

ii. Otherwise

𝑚𝑚opt =
1 − 𝜌𝜌𝑦𝑦|𝑥𝑥 1 − 𝜌𝜌𝑥𝑥 + 𝜌𝜌𝑦𝑦|𝑥𝑥

−1 𝑘𝑘−1 1 − 𝜌𝜌𝑦𝑦|𝑥𝑥 𝜌𝜌𝑥𝑥 − 𝜌𝜌𝑦𝑦|𝑥𝑥 1 − 𝑘𝑘 + 2 𝜌𝜌𝑦𝑦|𝑥𝑥 + 𝑘𝑘 + 1 𝜌𝜌𝑥𝑥𝜌𝜌𝑦𝑦|𝑥𝑥}

𝑘𝑘−1 𝜌𝜌𝑥𝑥 − 𝜌𝜌𝑦𝑦|𝑥𝑥 − 𝜌𝜌𝑦𝑦|𝑥𝑥 1 − 𝜌𝜌𝑥𝑥

𝑚𝑚𝑜𝑜𝑜𝑜𝑜𝑜 =
𝐵𝐵/𝑛𝑛 − 𝑐𝑐

𝑠𝑠

𝑛𝑛opt =
𝐵𝐵

𝑐𝑐 + 𝑠𝑠𝑚𝑚opt

𝑛𝑛opt =
𝐵𝐵

𝑐𝑐 + 𝑠𝑠𝑚𝑚opt

(4)

5

Only depends on 
cost ratio (c/s)

KG1: HTE Locally Optimal Design
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• Intervention cluster- to -individual cost ratio k ≈ 30
• Accounting for cheaper control arm, assume 𝑘𝑘 = 20 and 𝐵𝐵 = $20,000

• Δ𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = −1.5; Δ𝐻𝐻𝐻𝐻𝐻𝐻 = 0.25 × Δ𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = −0.375
• 𝜌𝜌𝑦𝑦|𝑥𝑥 = 0.028, 𝜌𝜌𝑥𝑥 = 0.055

• If minimum of 66 clusters (maximum m of 40):

6

LOD: 𝑚𝑚𝑜𝑜𝑜𝑜𝑜𝑜 = 40, 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = 66

KG1: Application to K-DPP
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• LOD requires fixed/known ICCs – unrealistic expectation

KG2: When ICCs are not known, can we find a (m, n) design that will be most efficient among 
scenarios of inefficient ICC combinations?

• Maximin designs (MMD): design that is highly efficient in worst case parameter scenarios [van 
Breukelen and Candel, 2015]

• Comparing designs (m, n) based on relative efficiency compared to LOD at a specific (𝜌𝜌𝑦𝑦|𝑥𝑥,𝜌𝜌𝑥𝑥) 
combination:

7

𝑅𝑅𝐸𝐸HTE =
𝜎𝜎2HTE

∗

𝜎𝜎HTE2

HTE variance under 
LOD(𝜌𝜌𝑦𝑦|𝑥𝑥,𝜌𝜌𝑥𝑥)

HTE variance at (m, n) 
and (𝜌𝜌𝑦𝑦|𝑥𝑥,𝜌𝜌𝑥𝑥)

KG2: HTE Maximin Design
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MMD for assessing HTE in CRTs

1. Define the parameter space 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥 and design space 𝑚𝑚,𝑛𝑛 𝑚𝑚
2. For each 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥 , compute HTE LOD according to (5). Then compute RE for each 

𝑚𝑚,𝑛𝑛 𝑚𝑚 compared with the LOD at the 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥

3. For each 𝑚𝑚,𝑛𝑛 𝑚𝑚 , identify the 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥 with the smallest RE

4. Among the smallest REs, choose the 𝑚𝑚,𝑛𝑛 𝑚𝑚 with the largest RE

8

KG2: HTE Maximin Design



• 𝑚𝑚 ∈ 8, 40
• 𝑛𝑛 ∈ [66, 143]
• 𝜌𝜌𝑦𝑦|𝑥𝑥 ∈ 0.005, 0.1
• 𝜌𝜌𝑥𝑥 ∈ [0.1, 0.75]

9

MMD: 𝑚𝑚𝑜𝑜𝑜𝑜𝑜𝑜 = 40, 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 = 66
96.7% power to detect Δ𝐻𝐻𝐻𝐻𝐻𝐻
under least efficient scenario
96.5% power to detect Δ𝐻𝐻𝐻𝐻𝐻𝐻
under actual ICCs (0.03, 0.06)

Least efficient 
scenario

Most efficient 
design in worst 
case scenario

Only gain relative                            
efficiency if ICCs 
improve

KG2: Application to K-DPP
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KG3: Is there a way to adequately power a CRT for both HTE and average treatment effect 
(ATE) analyses?
• Optimal designs for assessing HTE (minimizing 𝜎𝜎HTE2 ) may not be optimal for assessing ATE 

(minimizing 𝜎𝜎ATE2 )

• Need compound criterion to optimize over that takes both HTE and ATE objectives into 
account

Θ 𝜁𝜁 𝜆𝜆) = 𝜆𝜆
ΘATE 𝜁𝜁ATE∗

ΘATE 𝜁𝜁
+ 1 − 𝜆𝜆

ΘHTE 𝜁𝜁HTE∗

ΘHTE 𝜁𝜁

LOD under ATE

Priority 
weight

HTE variance 
under design 𝜁𝜁

10

Weighted combo of 
single objective REs

(6)

KG3: Compound Objective
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• When there is uncertainty around ICC values:

Compound MMD for assessing HTE and ATE in CRTs
1. Choose priority weight 𝜆𝜆

2. Define the parameter space 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥 and design space 𝑚𝑚,𝑛𝑛 𝑚𝑚
3. For each 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥 , compute the LOD for each objective. Then compute Θ(𝜁𝜁|𝜆𝜆) for each 

𝑚𝑚,𝑛𝑛 𝑚𝑚 compared with their LODs at the 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥
4. For each 𝑚𝑚,𝑛𝑛 𝑚𝑚 , identify the 𝜌𝜌𝑦𝑦|𝑥𝑥 ,𝜌𝜌𝑥𝑥 with the smallest criterion value
5. Among the smallest criterion values, choose the 𝑚𝑚,𝑛𝑛 𝑚𝑚 with the largest criterion 

value

11

KG3: Compound Maximin
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ATE Power: 49.7%
HTE Power: 94.3%

ATE Power: 49.7%
HTE Power: 94.3%

ATE Power: 45.0%
HTE Power: 96.2%

Calculate power under the 
worse of the intersecting 
ICC scenarios

KG3: Application to K-DPP

Power under actual ICCs (0.03, 0.06)
ATE: 77.2%
HTE: 94.1%

Power under actual ICCs (0.03, 0.06)
ATE: 76.0%
HTE: 96.0%

Power under actual ICCs (0.03, 0.06)
ATE: 77.2%
HTE: 94.1%
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• 𝑚𝑚 ∈ 8, 40
• 𝑛𝑛 ∈ [66, 143]

• 𝜌𝜌𝑦𝑦|𝑥𝑥 ∈ 0.005, 0.1
• 𝜌𝜌𝑥𝑥 ∈ [0.1, 0.75]



Shiny App: https://mary-ryan.shinyapps.io/HTE-MMD-app/
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Online Application
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• Understanding treatment effect heterogeneity crucial for improving how and to whom 
future interventions can be designed and delivered

• Optimal designs free of effect size within budget constraint

• Possible to find maximin designs robust to ICC value misspecification that jointly consider 
both HTE and ATE objectives

14

M.M. Ryan, D. Esserman, F. Li. Maximin optimal cluster randomized designs for 
assessing treatment effect heterogeneity. (In Revision).

Conclusions
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• When ICCs are known, find compound LOD by solving for m that maximizes Θ(𝜁𝜁|𝜆𝜆)

max
𝑚𝑚

Θ 𝜁𝜁 𝜆𝜆)
= 𝜆𝜆

ΘATE 𝜁𝜁ATE∗

ΘATE(𝜁𝜁) + 1 − 𝜆𝜆
ΘHTE 𝜁𝜁HTE∗

ΘHTE(𝜁𝜁)

=
𝑤𝑤ATE
𝜎𝜎ATE2 +

𝑤𝑤HTE
𝜎𝜎HTE2

A1

KG3.1: Compound LOD
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Proposition 2 - Locally optimal compound design

i. If  𝑤𝑤ATE > 𝑤𝑤HTE 𝑘𝑘 + 1 𝜌𝜌𝑦𝑦|𝑥𝑥 − 𝜌𝜌𝑥𝑥 𝑘𝑘𝜌𝜌𝑦𝑦|𝑥𝑥 + 1 and 𝑚𝑚opt ≤
𝐵𝐵/𝑛𝑛−𝑐𝑐

𝑠𝑠

ii. Otherwise

𝑚𝑚opt =
−𝑤𝑤HTE𝑘𝑘𝑎𝑎2 − 𝑤𝑤HTE2 𝑘𝑘2𝑎𝑎22 − 4 𝑤𝑤HTE 𝑘𝑘𝑎𝑎1 − 𝑏𝑏1 − 𝑤𝑤ATE𝜌𝜌𝑦𝑦|𝑥𝑥 𝑤𝑤ATE𝑘𝑘 1 − 𝜌𝜌𝑦𝑦|𝑥𝑥 + 𝑤𝑤HTE𝑘𝑘𝑎𝑎3

2 𝑤𝑤HTE 𝑘𝑘𝑎𝑎1 − 𝑏𝑏1 − 𝑤𝑤ATE𝜌𝜌𝑦𝑦|𝑥𝑥

𝑚𝑚𝑜𝑜𝑜𝑜𝑜𝑜 =
𝐵𝐵/𝑛𝑛 − 𝑐𝑐

𝑠𝑠
𝑛𝑛opt =

𝐵𝐵
𝑐𝑐 + 𝑠𝑠𝑚𝑚opt

𝑛𝑛opt =
𝐵𝐵

𝑐𝑐 + 𝑠𝑠𝑚𝑚opt

(A1)

A2

Constants 
involving 
𝜌𝜌𝑥𝑥 and 𝜌𝜌𝑦𝑦|𝑥𝑥

Appendix: Compound LOD

mary.ryan@yale.edu Yale School of Public Health @Marym_Ryan



• Extraneous terms in (A1): 

A3

𝑎𝑎1 = 𝜌𝜌𝑦𝑦|𝑥𝑥
2 (1 − 𝜌𝜌𝑥𝑥)

𝑎𝑎2 = 2𝜌𝜌𝑦𝑦|𝑥𝑥(1 − 𝜌𝜌𝑦𝑦|𝑥𝑥)(1 − 𝜌𝜌𝑥𝑥)

𝑎𝑎3 = (1 − 2𝜌𝜌𝑦𝑦|𝑥𝑥 + 𝜌𝜌𝑥𝑥𝜌𝜌𝑦𝑦|𝑥𝑥)(1 − 𝜌𝜌𝑦𝑦|𝑥𝑥)

𝑏𝑏1 = 𝜌𝜌𝑦𝑦|𝑥𝑥 𝜌𝜌𝑥𝑥 − 𝜌𝜌𝑦𝑦|𝑥𝑥

Appendix: Compound LOD
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